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Abstract 

We classify the possibilities for the fixed field of the kernel of an irreducible three- 
dimensional Artin representation of Q with solvable image ramified at one prime by 
using the classification of the finite irreducible subgroups of PGL3(C). This allows us 
to bound the number of such representations with given Artin conductor. 

1 Introduction 

The Langlands program gives a correspondence between Galois representations and auto- 
morphic representations. The analytic objects corresponding to two dimensional Artin repre- 
sentation are modular forms of weight one and Maass forms of weight zero, which correspond 
to odd and even two dimensional Artin representations, respectively. Specifically, Deligne 
and Serre [2] showed that given a cuspidal modular form of weight 1, level N, and Neben- 
typus character e with normalized (ai = 1) Fourier expansion a n q n , there exists an Artin 
representation 

p : G Q := Gal(Q/Q) -> GL 2 (C) 

of conductor N such that (via p) the trace of the conjugacy class of the Frobenius at p Frob p 
in Gq is a p and the determinant of Frob p is e(p). Conversely, by the Langlands- Tunnell 
theorem pQ, given a two dimensional Artin representation p, if we insist that p has solvable 
image, then there is known to exist an automorphic form / such that / gives rise to p in 
the manner described above. Using this correspondence, Wong [13], building on work of 
Duke |4j, bounded the number of two dimensional Artin representations of Q with Artin 
conductor N in terms of N. 

Less is known in the case of three-dimensional Artin representations. The goal of this 
paper is to bound the number of three-dimensional irreducible Artin representations with 
solvable image and given conductor. It is known that such representations come from au- 
tomorphic representations of GL 3 (Aq), where Aq denotes the adeles of Q. We use purely 
algebraic techniques for our bounds, which thus give bounds for the number of automorphic 
representations of GL 3 (Aq) with particular properties. 
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The main results of this paper, which are made more precise in Theorems [H El HI and [5] 

are: 

• The number of imprimitive three-dimensional Artin representations of Gq with con- 
ductor dividing p m is at most Cmp m+1 , where C is an explicitly given constant. 

• The number of primitive three-dimensional Artin representations of Gq with conductor 
dividing p m is at most Dp^ +50 , where D is an explicitly given constant. 

The paper is divided into two main parts. The first part looks at imprimitive represen- 
tations. We use the fact that any imprimitive three-dimensional representation is monomial 
to bound the number of all imprimitive representations in one fell swoop. The second part 
deals with primitive representations, where we do a case by case analysis of the three groups 
that can occur as the projective image of a primitive three-dimensional Artin representation. 



2 Definitions and Preliminaries 

Let V be a finite dimensional vector space over an arbitrary field, and let G be a group. 
A representation p : G — > GL(V) is called imprimitive if there exist proper subspaces 
Vi, . . . , V m of V such that V = ©^V^ and p(G) permutes the If such a decomposition 
of V does not exist, p is called primitive. If p is imprimitive and the corresponding Vi are 
of dimension 1, then p is said to be monomial (this is equivalent to the standard definition 
of monomial, which is that there exists a subgroup H < G and a linear character x of 
such that p is induced from x). Thus monomial representations of dimension greater than 1 
are imprimitive, and the converse is true if the dimension of the representation is prime. A 
group is said to be monomial if all its irreducible representations are monomial. 
An Artin representation of a number field F is a continuous homomorphism 

p : Gal(F/F) -> GL n (C). 

We take the topology on GL n (C) to be discrete, so Artin representations necessarily have 
finite image. The conductor N(p) of p is defined to be the product of its local conductors, 
whose definition we now recall. Let p be a prime of F. For the p-part N p (p) of N(p), 
consider the restriction p p of p to G(F p /F p ) (if E/F is an extension of fields, we will often 
write G(E/F) in place of GeA(E/F) to ease notation). The representation p p factors through 
a finite quotient G(K/F p ) of G(F p /F p ). Let denote the order of the ith ramification group 
Gi of G(K/F P ). We then define N p (p) to be p raised to the power 

-dimV/V G \ 

where V is the representation space for p and V Gi is the subspace of elements fixed by Gi. For 
the remainder of this paper we make the following hypothesis on all Artin representations: 

F = <Q> and n = 3. 
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The natural projection 7r : GL 3 (C) — > PGL 3 (C) will always be denoted by n. A cyclic group 
of order n will be denoted C n , and Z(G) denotes the center of a group G. If L/K is a 
Galois extension of fields, we say E is a central extension of L/K if E/K is Galois and 
G(E/L) < Z(G(E/K)). 

The symbol E p will denote the fixed field of the kernel of one of our three-dimensional 
Artin representations p, and F p will denote the fixed field of the kernel of 7r o p (when 
the context is clear, the subscript p may be dropped). Thus p descends to an injection 
G(E p /Q) GL 3 (C), which by abuse of notation we also denote by p, and Z(G(E/Q)) = 
G(E/F), a cyclic group. 

We say an Artin representation p is ramified at p if the extension E p j Q is ramified at p. 
In sections [3] and HI all representations are assumed to be unramified outside poo, where p 
is a finite prime and oo is the real place of Q. To avoid special cases (most of which are 
trivial), we will assume p 7^ 2, 3. 

In our computations, we will wish to bound the number of C a or C a x C a extensions of 
a number field K with given ramification conditions. We do this by first finding the a-rank 
of the maximal extension L of K with the given ramification conditions. Let r a ^(x) be the 
number of {C a ) b extensions of K contained in a Galois extension L, where G(L/K) has 
a-rank x. We will consider the cases when a = 2 or 3, although the following formulas hold 
whenever a is prime: 

a x — 1 (a x — i)(a x — a) 

a>1 a — l' a ' 2 (a 2 — l)(a 2 — a) 

When we have an extension L/K of number fields, with L/K, L/Q, and K/Q all Galois and 
L/Q ramified only at p, we will write e(L/K) to denote the ramification from K to L of 
the primes above p in K. We will say an extension of fields is unramified if and only if it is 
unramified at all finite primes. The ring of integers of a number field K will be denoted by 
Dk and its absolute discriminant by We let denote the class number of K, Cl(K) 
the ideal class group of K, Cl m (K) the ray class group of K modulo m, Hk the Hilbert class 
field of K, and K m the ray class field of K of modulus m. If m is a product of finite primes, 
we will write moo to denote the modulus that is the product of m multiplied by all the real 
places of K. 

3 Imprimitive Representations 

In this section we assume that p : Gq — > GL 3 (C) is imprimitive. Since p is monomial, there 
exists a field L of degree 3 over Q and a character \ : Gl — > C* such that p = Xl, where Xl 
denotes the induced representation of x t° Gq. 

Suppose first that L C Q(C P ) and let p be the prime of L above p. It follows from the 
Corollary to Proposition 4 of [13] that 

v p (N(p))=v p (N( X )) + 2. 

Each non-trivial x £ Hohi(Gl, C*) can be induced to an irreducible p. Since G^ is normal in 
Gq, it follows from Mackey Decomposition [9] that if p = Xl> then there are three distinct 
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x's in Hom(Gi, C*) that give p when induced up to Gq. Let 

c m = #{p : p = X % N(p) | p m } and d m = #{ X : N( X ) | p m }, so c m = *Ht=LZl. 

We will first bound d m . By class field theory, any x with N(x) \ p m factors through 
G(L pm /L), where LP™ is the ray class field of L modulo p m . Class field theory gives the 
exact sequence 

D* L — >■ (D L /p m oo)* — )■ C\ pm °°(L) — >■ C1(L) — )■ 1, (1) 

where (Di/p m oo)* is defined to be (Di/p m )* x (±1) 3 , the exponent 3 coming from the 3 
real places of L. The image of D* L in (DL/p m oo)* has order at least two, so we obtain 

d m = | G(i/' lo 7L)| < Ah L p m - l (p - 1) < 4 p" 1 - 1 ^ - 1) = 2p m (p - 1), 

where the first inequality follows from (JTJ, and the second inequality from (TO]- Thus we 
obtain 

Theorem 1. Notation as above, 

2 p m-i 

For the remainder of this section, suppose that L <£. Q(Cp), or equivalently, that L/Q is 
not Galois. By the following lemma, p must split in L as pfp2- 

Lemma 1. Let L/Q be a degree 3 extension ramified at a single finite prime p ^ 2, 3. Then 
L/Q is Galois if and only if p is totally ramified in L. 

Proof. The only if part is clear. For the converse, suppose L/Q is totally ramified at p and 
let p be the prime of L above p. Let L p be the localization of L at p and O = Ol p the ring 
of integers in L p . Let f(x) be the minimal polynomial for a £ D, where a generates D as a 
polynomial ring over Z p . We may assume a E £>l- The p-part of the discriminant disc(/) of 
/ equals the local discriminant di, /q , which has p-part p 2 (p ^ 3), the same as the p-part of 
the global discriminant di/q- So we can write disc(/) = ep 2 D, with e £ {±1} and p \ D. The 
Galois closure K of L/Q is ramified only at p and is given by K = L(-y/disc /) = L(V eU) . 
For p 7^ 2, this is only possible if VeD £ L, i.e. L/Q is Galois. □ 

By the Corollary to Proposition 4 of [13], we have 

^(X?) = N L/Q (N( X ))d L . 

It follows that if N(x) = PTpTi tlien ^(p) = p ai+a ' 2 P- Let c m = c mjL be the number of 
imprimitive p with conductor dividing p m that are induced from G^. To estimate c m , we 
need to estimate 

#{X--N( X ) |prp2 2 ,«i + a 2 <m-l}. 
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Thus we need to bound Ea 1+ a 2=m -i I G(L p i lp 2 2 °%L)|. We have 

|G(L p " lp 2 2 °°/L)| <4h L (P ai - l)(p a2 - I) < 4h L mp 



m—l 

'£> ~ — ±){p ~ — i-) ^ ^ILLIIbp 

a\+a2=m— 1 a\+a,2=m— 1 



where the first inequality follows from ([T]). Since L/Q is not Galois, G^ is not normal in Gq, 
so it is possible that there may be only one x Hohi(Gl, C*) that gives p when induced up 
to Gq. So we have 

C m < AhLTUp" 1 - 1 - 1. (2) 

It remains to bound hi and the number n p of non-Galois fields L of degree 3 over Q, 
ramified only at poo. We do the latter first. Let L be such a number field. The Galois 
closure K of L/Q is an S3 extension of Q ramified only at poo. By Lemma [TJ p splits as P1P2 
in L. Let q be a prime of K above p 2 - We have 

e(q/p) = e(q/p 2 )e(p 2 /p) = e(q/p 2 ) < 2. (3) 

For any primes q^, q.,- of K above p, e(qi/p) = e(qj/p), and the quantity is at least 2, so by 
((3]), it equals 2. Thus K/Q(y/p~*) is unramified, where Q(y/p*) is the subfield of K of degree 
2 over Q. Therefore, L and its two Galois conjugates contained in K combine to give one 
unramified C3 extension of Q(y/p*)- By [IT] , we have hqr^/^ < Ramification at the 

infinite primes of Q(i/p*) can only contribute a power of 2 to the degree of the maximal 
abelian unramified (at all finite primes) extension of Q(>/p*). Since we are interested in the 
3-rank of this extension, we may ignore the potential ramification at the infinite primes. We 
have the obvious bound that the 3-rank of CI (Q(y/p*)) is less than 



log 3 

from which it follows that 



22.2p 



p ^ a, 3,1 l iu S3 l ^ 



n P < 3r 3; i ( log : 

which is less than 



22.2p 



3 • 11. lp 



n 2 



Putting this last bound together with (T5|), and using the bound < (which follows 
from [UJ), we obtain 

Theorem 2. The number of imprimitive p with p = Xl an d L/Q non-Galois is less than 

/2957.04mp m+r 
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V 7r 

Remark 1. It is possible to obtain a slightly better bound by using a slightly better bound for 
the 3-rank of CI (Q(a/p*)) . See, for example, fTB/ . 
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4 Primitive Representations 



For this section, suppose that p : Gq — > GL 3 (C) is primitive. We continue with our assump- 
tion that p is unramified outside poo. Since p is primitive, the image of 7r o p in PGL 3 (C) is 
isomorphic to one of the following groups [3]: 

Pi ■= (C 3 x C 3 ) x C 4 , P 2 := (C 3 x C 3 ) x Q 8 , P 3 := (C 3 x C 3 ) x SL 2 (F 3 ), 

where Qs is the quaternion group of order 8. We can view Pi as a subgroup of P 2 , and P 2 
as a subgroup of P 3 . 

We claim that Im(7r o p) can not be P 2 . If G(P p /Q) = P 2 , then P p (and thus P p ) has a 
subfield L with L/Q Galois and G(L/Q) = C 2 x C 2 . But there is no such field ramified only 
at one prime (p ^ 2) of Q. 

In the next two subsections, we consider the cases G(F p /Q) = Pi and G(F p /Q) = P 3 . 
For each case, we first fix a number field F with G(P/Q) = Pj and bound the number of 
representations p with F p = F. We then bound the number of possible such P- i.e. P such 
that G(P/Q) = p and F/Q is unramified outside poo. 

4.1 Representations with Projective Image Isomorphic to Pi 

We count the number of Artin representations p unramified outside poo with projective 
image equal to Pi, i.e. G(P p /Q) = Pi. Let L denote the fixed field of C 3 x C 3 < Pi. Since L 
is unramified outside poo, it is the unique degree four subfield of Q(C P )- Writing [E : P] = n, 
we have the following tower of fields. 

E 

C n 

F 

C 3 xC 3 

L 

C 4 

Q 



Lemma 2. Let K be a subfield of Q(Cp)> an d let p be the unique prime of K above the 
rational prime p. Then K po ° = Hk{( p )- 

Proof. Certainly Hk{( p ) Q K vod . Suppose the containment is strict. Then K V00 /Hk{( p ) 
is totally ramified at the primes of Hk{( p ) above p. It follows that K poo /Q(( p ) is tamely 
ramified at the prime (1 — ( p ) of Q(Cp) above p. But such an extension can not exist since 
Q(C P ) {1 -^ = H m(p) 0. ' " □ 
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We have F C L p , where p is the unique prime of L above p. Suppose that the ramification 
degree e = e(F/L) of p in F is 3 or 9. Then by Lemma [2J the ramification in F/L must be 
obtained by adjoining the unique degree 3 (e = 3) or 9 (e = 9) subfield of Q(( p ) to L. It 
follows that \P[\ — [F : Fn Q ab ] = 3 or 1 if e = 3 or 9, respectively This is a contradiction 
since P[ = C3 x C3. Therefore, F/L is unramified and F C 

We have the following lemma of Tate [5]: 

Lemma 3. (Tate j5]) For each prime p, let I p be the inertia group ofp in Gq , which we view 
as a fixed subgroup of Gq. Let p : Gq — > PGL„(C) be a projective representation. Suppose 
that for each p, there exists a lift p p : Gq p — > GL,„(C) of p\q q with p p \ Ip trivial for all but 
finitely many p. Then there exists a unique lift p : Gq —> GL n (C) of p such that p\j = p p \ Ip 
for all p. 

Returning to our notation before Lemma [31 since F p /Q is unramified outside p, for all 
primes I 7^ p, p\g Qi factors through a cyclic extension of Qi. We may thus lift p| G<J; to a map 
pi : Gq ; — > GL 3 (C) such that the fixed field of the kernel of p\g Qi is the same as the fixed 
field of the kernel of pi; in particular, both fixed fields are unramified at I. 

Since the ideal p of L is principal and F p jL is unramified, p splits completely in F p . Thus 
the kernel of the fixed field of p\gq p is a totally tamely ramified extension of Q p , so cyclic. 
We may therefore lift p\g Qp to a map p p such that the kernel of the fixed field of p p is the 
same as the kernel of the fixed field of p\g Qp - 

Putting this local data together, Lemma [3] now tells us that there exists a lift p of p such 
that the ramification in F p /Q is the same as the ramification in E p /Q (i.e. E p is unramified 
at all primes / 7^ p and the ramification degree at p in E p / Q is the same as the ramification 
degree at p in F p /Q). 

We now come to the main result of this section. 

Proposition 1. Let p : Gq — > GL 3 (C) be an Artin representation unramified outside poo 
with projective image isomorphic to Pi. Let F be the fixed field of "kern o p. LetQ(( P3 ) denote 
the maximal subfield of Q(Cp) of 3-power degree over L, and let Q(Cp 3 ,) be the composite of 
all subfields of Q(Cp°°) with degree prime-to-3 over L. Then the fixed field of ker p either 

i) lies between E and EQ(( P:j/ ), where E is the unique non-trivial unramified central 
extension of F/Q, and [E : F] = 3, or 

ii) lies between E' 3 and i? 3 Q((p 3 ,) ; where E' 3 <£. FQ(( P3 ) is one of two possible degree 3 
ramified extensions of FM that is central over F/Q, where M is a subfield ofQ(( P3 ). 

Proof. There are several things to prove. First we show that if F/Q has a non-trivial un- 
ramified central extension, then that extension is unique. We will use the following theorem. 

Theorem 3. (Frohlich |6j) Let L/K be Galois and let N be a central extension of L/K. 
Then there is a surjective map 

H 2 (G(L/K),Z) -» G (N/L(N n K ab )), 
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and there exists a central extension N' of L/K such that 

H 2 (G(L/K),Z) ^ G(N'/L{N' nK ab )). 

Moreover, if K = Q, one can take N' to be ramified at the same rational primes that L is 
ramified at. 

In our situation, H 2 (G(F/Q), Z) = C3. Suppose that E\ and E 2 are distinct non-trivial 
unramified central extensions of F/Q. We have F(Ei R Q ab ) C Ei (1 FQ ab , so by Theorem 
El C 3 -» G (F;/F; n FQ afe ),i = 1,2. Since F;/F and F/L are unramified, F; n FQ ab = 
F. Suppose Ei 7^ F 2 . Then E\E 2 /F is an unramified central extension of F/Q with 
FxF 2 n FQ a6 = F and [FiF 2 : F] = 9, contradicting Theorem El 

We now show the existence of a non-trivial unramified (over F) central extension of 
F/Q. Let p' be a lift of 7r o p such that the image of p\j has order 3, the existence of which 
is guaranteed by Lemma El Let E be the fixed field of ker p' . Since F/L is unramified, 
the ramification in E/Q takes place in L/Q, from which it follows that E/F is unramified 
and £ n FQ ab = F. By Theorem El we must have [E : E n FQ a6 ] = [E : F] < 3. We 
can not have E = F because the group Pi does not have any irreducible three-dimensional 
representations, so [E : F] = 3. Thus E gives the desired extension. 

Now let p be any representation for which F p = F and let E' be a candidate for the 
fixed field of ker p. By Theorem El there exists M' C Q(C P °°) such that [E' : FM'\ < 3, 
and E' n Q ah = M' . We claim that E' ^ FM'. If E' were contained in FM', then we 
would have G(E/Q) = Pi x C, where C is cyclic. But since Pi has no irreducible primitive 
three-dimensional representations, neither does Pi x C . So [£" : FM'] = 3. 

Suppose first that E' /FM' is unramified. Being a composite of two central extensions of 
F, EM' is a central extension of F as well (see Figured]). 

E 



FM 




Figure 1: Field diagrams for proof of Proposition [U 

If E' 7^ EM', then EE' is an unramified central extension of FM'. Since F/L is unrami- 
fied, EE' /FM' being unramified implies that EE' n FM'Q ab = FM', and [EE' : FM'] = 9, 
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which contradicts Theorem [31 Suppose that 3 | [M' : Q]. Then EM'/F, having two inter- 
mediate subfields of degree 3 over F, is not cyclic. Thus we must have M' C Q(C P ,). 

Suppose for the remainder of the proof that E'/FM' is ramified. Let E" /FM' be another 
degree 3 ramified extension. The extension E'E" /FM' can not be totally ramified because 
if it were, the corresponding extension of local fields at primes above p would be tamely 
ramified but not cyclic. Therefore, FM' has a degree 3 unramified extension contained in 
E'E". The field EM' is unramified over FM' and is central over F/Q. If there were to 
exist another such field, the composite D of this field with EM' would be unramified over 
FM' and central over F/Q, but we would have [D : D H FQ ab ] = 9, contradicting Theorem 
[3j It follows that EM' is the unique degree 3 unramified extension of FM' contained in 
E'E". To avoid contradicting Theorem [3J we must have [E'E" : E'E" n FQ ab ] = 3. We have 
G(E'E"/FM') = C 3 x C 3 , so there are 4 intermediate C 3 extensions of FM': E',E",EM', 
and E'E" fl FQ ab . Of these, E" is the only field besides E' that can be ramified over FM' 
and the fixed field of p. 

Let M3 = M / nQ(C P3 ). There exists a degree 3 extension E' 3 of FM' 3 such that E' = E' 3 M', 
and E' 3 /FM 3 is ramified. This completes the proof of Proposition [TJ □ 

We note the following, which is the existence of E from case i) of Proposition [TJ 

Corollary 1. Notation as above, suppose that L admits an unramified C 3 x C 3 extension F. 
Then F/Q admits a degree three unramified central extension. 

The next goal is to count the number of representations Gq — > GL 3 (C) with projective 
image isomorphic to Pi and given prime power conductor. We must have p = 1 (mod 4), 
and we will also assume (as is necessary for such a representation to exist), that the 3-rank 
k of the class group C1(L) of L is at least 2. Then L admits r 3i2 (/c) unramified extensions F 
with G(F/L) = C 3 xC 3 . 

Let G = G(E/Q), where E is as in case i) of Proposition [TJ Since the 3-Sylow subgroup 
G(E/L) := A of G is normal in G, by Hall's Theorem on solvable groups |7j, G splits as 
A x C4. If A is abelian, then G is metabelian (i.e. the second commutator group of G 
is trivial), which gives a contradiction since metabelian groups are monomial [9], and p is 
primitive. Suppose that A is isomorphic to the non-trivial semi-direct product C9 x C 3 . A 
generator of C4 acts on G/Z(G) as an automorphism of order 4 and thus must act on A as an 
automorphism of order a multiple of 4. But | Aut(Cg x C 3 ) \ = 54, so no such automorphism 
exists. So A must be the other non-abelian group of order 27, (C3 x C 3 ) x C 3 . The group 
G has 8 irreducible three-dimensional representations. Recall the definition of the Artin 
conductor N(p) of a representation p from Section [TJ We have G = C 4 , Gj = 0, i > 1. One 
finds that for 2 of the 8 aforementioned representations, dimV G ° = 0, and for the other 6, 
dim^^ = 1, where V = C 3 is the representation space. So we get two representations with 
conductor p 3 and 6 with conductor p 2 . 

Suppose first that we are in case i) of Proposition [TJ so the fixed field of the kernel of a 
representation p is of the form EM, with M C Q(Cp 3 /)- Let b = [EM : E]. The irreducible 
three-dimensional representations of G(EM/Q) are given by p ® \, where x is a character 
of G(M/L), of which there are b (note that G(EM/Q) = ((C 3b x C 3 ) x C 3 ) x C 4 ). Thus the 
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number of irreducible representations of p of dimension three with ker p having fixed field 
EM is 86. 

Continuing with case i) of Proposition [TJ we now fix a G3 x G3 extension F of L and count 



the number of p for which N(p) = p m and F p = F . Write [M : Q] = 4cp™, with c | so 
b = p n c. Let Gi, with order g^, denote the lower ramification groups of G(EM/Q). As soon 
as M ^ E, we get non-trivial central elements in Gi whenever Gj 7^ 1. Such elements act by 
scalars and thus do not fix any non-zero subspace of V . So for such p, v p (N(p)) = J2 i>0 ^ -3. 
We must compute the g^. We know g = 4cp n , g\ = p n . The group G can be identified with 
G(M/Q), where M C Q(C P n+i). Write G^ and G' 4 for the lower and upper, respectively, 
ramification groups of G' := G (Q(Cp n + 1 )/Qj- As shown in [HI Chapter IV.4], for any 

< k < n, 

\G' t \ = p k for p n ~ k < 1 < p n - k+1 - 1, ieZ. 

We also have 

\G H \ =p n+1 ~W,i e M >0 , 

where \i] denotes the least integer greater than or equal to i. Let H = G (Q(( p n +1 ) / M) so 
that G' / H = Gq. If G l is a p-group, which it is for alH > 0, then 

G i = (G'/Hf = G H H/H = G'^G" 1 n H = G'\ (4) 

where the second equality is a property of upper ramification groups. The lower ramification 
groups are determined by the upper ramification groups, so (jlj) implies that Gj = G\ for all 

1 > 1 (see [131 Chapter IV] for details about the upper and lower ramification groups). So 
|Gj| = p k for p n ~ k < i < p n ~ k+1 — 1 and < k < n, and |Gj| = 1 for i > p n . Thus if kerp 
has fixed field EM, 

v p (N( P )) = 3 ( 1 + Hfl + + ■ ■ ■ + ^ " ^ = 3 + 3ngfl, 

pv v^y; ^ 4c 4c ^ 4qo n / 4c 

and there are 8p n c such representations. 

We are now in a position to estimate the number a m ^ of p for which we are in case i) of 
Proposition [JJ and for which N(p) = p m and F p = F. If m = 1 or 2 (mod 3), then a m> , = 0. 
Suppose m = (mod 3). Let d = gcd(^-, k), where m = 3k + 3. Then 



■ 73 — 1 kV — 1 v-^ * P — 1 

*^-r- + • • • + 8 p iL jj- = 8 5> 7 ^-- 

j\d ' 



The first term in the sum, for example, corresponds to the case c = ^-,n = k, in which 



case there exist 8p k ^- representations p with v p (N(p)) = 3 + 3n^- = 3 + 3k. 

For the total number A mt p,i of representations p in case i) of Proposition [TJ with F p = F 
and N(p) | p m , we have 



0<fc< 



m — 3 
3 
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where we are viewing A m> pj as a function of p. 

Suppose now that we are in case ii) of Proposition [TJ We can write the fixed field of ker p 
as E'M', with M' C Q{( p > 3 ) and E' a degree 3 ramified extension of FM, with M C <Q>(C P3 ). 
Let [M : L] = 3 a . A similar analysis to that of case i) shows that G(E'/Q) = B x C4, where 
£? = (C 3 a+i XC3) XC3, with C4 acting trivially on C 3 a+i. The group By\C& has 8-3 a irreducible 
three-dimensional representations and G(E'M' /Q) has 8p n c, where [£"M' : Q] = 108p n c, 
(c,p) = 1. Let Gj, with order g±, be the lower ramification groups of G(E'M'/Q). For all 
i > 0, Gi has non-trivial central elements, so dimV/V Gl = 3 whenever ^ 1. So again we 
obtain 

«pWp))=E-- 3 ' ^ 
— fi'o 

and we have to compute the g^. We have go = Ylcp n . In case i), we were able to compute 
the ramification groups because we could identify Go with a cyclotomic extension. In this 
case, we know g . For i > 1, g^ is a p-group, and the following lemma allows us to compute 
that for all i, the p-part of g^ for case ii) is the same as that for case i). 

Lemma 4. Let M C Q p (( p ) (p 7^ 2), and let F/M be a Galois extension of degree prime 
to p. Let a G Q P (C P °°) be such that [M(a) : M] is a power of p. Then for i > 1, the lower 
ramification groups of M(a)/M have the same order as (and are isomorphic to) the lower 
ramification groups of F{a)/F . 

Proof. We have G(F(a)/F) = G(M(a)/M) and by looking at ramification degrees, we must 
have F(a)/F totally ramified. That the g^ for F(a)/F equal the for M(a)/M now follows 
from the details of the computation of the latter that can be found in [T3~l Chapter IV. 4]. □ 

We are thus able to compute, analogously to case i), 

v p (N(p)) =3 + 3n^i. 

In the same way that we bounded a m ^, we can now bound the number a mt u of p for which 
we are in case ii) of Proposition [TJ and for which N(p) = p m and F p = F. By §5§, a m> u = 
unless a m ^i = (mod 3), so write a m)ii = 3k + 3. A similar series of computations to those 
in case i) gives 

bP — 1 kp—1 sr^ 2= V — 1 

a m ,u = ^^r + '" + P ~ d Ud =8 ^ 7 12~ ' d = S cd 

j\d 

For a fixed F and M, we've seen that for case ii) there are two possible degree 3 extensions 
of FM, so we obtain 

To bound the total number B m of primitive representations p with N(p) \ p m and 
Im(7r o p) — P 1; we need to multiply A m>F ^ + A m ^ F)ii by the number of unramified C 3 x C 3 
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extensions of L, which, as previously discussed, is r 3)2 (A;), where k is the 3-rank of C1(L). 
From [TT] . the 3-part of hi is less than 22 ' 2 l , so k < log 3 



We introduce the following (non-standard) notation. If A and 5 are both positive, real- 
valued functions of n, we write A ;$ B to mean limsup^^ < 1. Using this notation, 
we obtain: 



Theorem 4. Notation as above, 



„ „ , . , 222 



4.2 Representations with Projective Image Isomorphic to P3 

Recall that P 3 := (C3 x C3) x SL 2 (F 3 ). Using the notation from the previous section, we 
look to count the number of p with G(_F p /Q) = P 3 and given conductor. Our main tool will 
be the following proposition. 

Proposition 2. Let E p be the fixed field of the kernel of a primitive three-dimensional Artin 
representation p with N(p) a pth power and Im-zr o p = P 3 . If M C Q(C P °°), then there are 
at most three degree 3 central extensions of F p M/ Q ramified over F p M and at most one that 
is unramified over F p M . There exists M C Q(Cp°°) such that of the four possible degree 3 



central extensions of F p 
possible ramified extensions 



E p is either an unramified extension or one of two of the three 




SL 3 (F 3 , 



Figure 2: Field diagram for Section 14.21 



Proof. We have H^iPz^) = C 3 . Let F = F p and let M be a number field contained in 
Q(Cp°°)- We claim that FM/Q may admit a maximum of three distinct non-trivial central 
extensions E^ with Ei PI Q ab = M. By Theorem [31 for each i, we have [Ei : FM] = 3. The 
compositum Yl Ei is a central extension of FM/ Q. By Theorem [31 there exists a cyclotomic 
field M' containing M such that | G(J\ Ei/FM')\ < 3. This means Y[Ei/FM has rank at 
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most two, i.e. its Galois group is C3 or C3 x C3. Such a field extension has at most (in the 
C3 x C3 case) four strictly intermediate extensions- three E[s and FM' , and we must have 
[M' : M] = 3. 

The group G(FM'/Q) has an abelian normal subgroup that is not cyclic, and such a 
group has no faithful primitive representations [7J , so FM' can not be the fixed field of ker p 
(the same argument shows FN can not be the fixed field of ker p for any N C Q(Cp°°))- Since 
we can not have a totally ramified C3 x C3 extension of FM that is Galois over Q, we must 
have either at least one of the E[s be unramified or have FM' /FM unramified. If FM' /FM 
were unramified, ramification considerations force e := e(F/F ) to be 3 or 9, where F Q is 
the fixed field of the C3 x C3 normal subgroup of P3. This is impossible, however, since we 
would have e(P/Q) = 3e, so the extension of Q p given by localizing F at a prime above p 
would have a C 3e subgroup, and P 3 does not have such a subgroup. Thus one of the E^s is 
unramified over FM. If two of the E^s were unramified, the composite of these fields would 
give a C3 x C3 unramified central extension of FM, forcing FM' /FM to be unramified by 
Theorem [31 which we saw gives a contradiction. 

Thus, FM/Q may have up to four central extensions of degree 3, three of which (all 
but FM') are possibilities for E p . This completes the proof since E p is a degree 3 central 
extension of FM/Q for some M C Q(C P °°)- □ 

Remark 2. Unlike in the P\ case, we may not use Lemma&here to guarantee the existence of 
an unramified degree 3 central extension of F because the extension ofQ p given by localizing at 
a prime above p in F is not necessary cyclic, so we are not assured of a lift p p : Gq p — > GL 3 (C) 
of p\gq p such that the fixed field of the kernel of p p is unramified over the fixed field of the 
kernel of p\ GQp . 

Let L = F ab be the de gree 3 extension of Q contained in Q(C P )- The field L then admits 
a Ci x C2 extension, which is unramified by Lemma [2j We have seen that Fj P must be 
unramified, so e(F/Q) = 3 or 6. 

Continuing in the manner of the Pi case, we now bound, for a fixed F/Q with G(P/Q) = 
P3, the number of p for which N(p) = p m and F p = F. Let x = e(F/Q)/3. Let E = E p , so 
E is a degree three extension of FM for some cyclotomic field M. Given M, by Proposition 
[2] there are at most three possible choices for E. Write [M : L] = p n c, with c | 2z_. 
Let 5 = 3 or 1, depending on whether E/FM is ramified or unramified, respectively. So 
e(E/Q) = 3p n cxS. Computing similarly to the Pi case, we find 

^ = 3 + 3^. 

There are 3 non-split central extensions of P3 of order 3 1 P^ | = 648, and each has 7 
irreducible three-dimensional representations. Thus G(P/Q) has 7p n c irreducible three- 
dimensional representations. We estimate the numbers a m>F)nr and a TOj j? mm of representations 
p with N(p) = p m , F p = F, and E p /F unramified, and ramified, respectively. We must have 
3 I m so write m = 3k + 3. Proceeding as in the Pi case, and assuming that for any M, FM 
may admit 3 distinct central extensions as candidates for E p , one of which is unramified over 
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FM, we see that the leading terms in the expressions for a m ^ nr and a m ^ ram are 

1 lkzA and 2 . V^-D, respectively. (6) 

As we did with Pi, we must now bound the number of fields F with G(P/Q) = P3 and 
F/Q ramified only at poo. As above, let L = F ab , the degree 3 subfield of Q(Cp)- The field 
L then admits a Q$ extension P , which has 3 intermediate fields L[, each of which is a C 2 
extension of L, and unramified over L by Lemma |2j Let K be the composite of the Li. The 
field L is totally real, so by the following lemma, K is as well. 

Lemma 5. Let k be a totally real field and let k/l be a Galois extension with group Q 8 . Then 
the unique intermediate field that is degree 4 over I is totally real. 

Proof. Let k' — k D M. If k' — k, we are done. Otherwise, [k : k'] = 2, and k' is the unique 
intermediate field of degree 4 over I. □ 

Returning to the notation before Lemma [5j Kj L is unramified and K is totally real, so 
the number of choices for K is at most r 2j2 (/c), where k is the 2-rank of of C1(L). Using [10J, 
we have | C1(L)| < |p, so k < log 2 p — 1. The field F is a degree 2 extension of K, and the 
extension F /K is at most tamely ramified, so F C if po °, where p is the prime of L above 
p, viewed as an ideal of K. By class field theory p is a product of 4 primes in K since it 
is principal in L. Using the exact sequence from Section [3] applied to C\ V °°(K), we find 
that GiK^/K) has 2-rank at most 4 + 12 + the 2-rank of Cl(it). The order of C\{K) is at 
most 22 ^2 [IT] . Set /3 = log 2 (2 12 ■ ). If F /K is unramified above p, there are at most 

r 2 ,i(/3)^2,2(log 2 p- 1) (7) 

choices for F and if F /K is ramified above p, there are at most 

(r 2 ,i(4 + /3) - r 2il (/3)) r 2 , 2 (log 2 p - 1). (8) 

The final step to bound the number of possible F p is to look at unramified C3 x C3 
extensions of Fq (which give our field F p ). This amounts to finding r^il), where I is the 
3-rank of CI(Fq). Using [TTJ and the fact that ramification in the infinite places does not 
contribute to the 3-rank, we obtain 

if F /K is unramified, and 

22 2» 20 

' ^ lQ g3 (10) 

if Fq/K is ramified. 

We have x = 1 or 2, depending on whether Fq/K is ramified. To obtain our bound 
for the number a m (where m = 3k + 3) of p ramified only at poo with G(F p /Q) = P3 and 
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N(p) = p m , we need to combine <Q with ([7]) and and combine (Q with ([8]) and (JTUJ). 
Doing so, we find that the leading term of a m in p, which comes only from the x = 2 case, 
is bounded by 

(8.6 x 10- 23 )p k+51 . 

Finally, to conclude the section on P 3 , we find that for the number B m of three-dimensional 
Artin representations with projective image P3 and conductor dividing p m , we have 

Theorem 5. Notation as above, 

B m < (8.6 x 10" 23 )pf +50 . 

5 Comparison to the Two-Dimensional Case 

For comparison to the two-dimensional case, we look at [14J. Looking at Theorem 3 in [13] 
and multiplying by 0(p m ) = p m ^ 1 (p — 1) to account for all possible x, we see that the bounds 
for the number of two dimensional representations with conductor p m and projective image 
isomorphic to A 4 or S4 (and conjecturally for A 5 ) is on the order of a m = Cp 2m ~ e log p m for 
e = |, |, or Y2 and C a constant, both e and C depending on the projective image of the 
representation. Taking p — > 00 for fixed m, we find that the bounds in p3] are better than 
our bounds for the imprimitive case. By going through the proofs of Theorems H] and [5] in 
this paper, we may bound the number of p with N{p) \ p m , Im7rop = P l) and with N(p)\p m , 
Im7r o p = P 3 , respectively, as m — > 00 for fixed p. These bounds can be given by easily 
computable constants multiplied by the bounds given in Theorems H] and [5j Therefore, our 
bounds as m — > 00 are stronger than those in [T3] , and our bounds are stronger as either p 
or m tends to 00 for the primitive case. Of course, Wong's bounds hold for any conductor 
N, not only for prime power conductors. 
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